Fisher information (I) is investigated in a confined harmonic oscillator (CHO) enclosed in a spherical enclosure, in conjugate r and p spaces. A comparative study between CHO and a free quantum particle in spherical box (PISB), as well as CHO and respective free harmonic oscillator (FHO) is pursued with respect to energy spectrum and I. This reveals that, a CHO offers two exactly solvable limits, namely, a PISB and an FHO. Moreover, the dependence of I on quantum numbers n r , l, m in FHO and CHO are analogous. The role of force constant is discussed. Further, a thorough systematic analysis of I with respect to variation of confinement radius r c is presented, with particular attention on non-zero-(l, m) states. Considerable new important observations are recorded. The results are quite accurate and most of these are presented for the first time.
I. INTRODUCTION
Confined quantum systems have generated appreciable interest in the area of physics, chemistry, biology, [1] [2] [3] [4] , etc., since the first decade of this century. The simplest model system, namely, a particle in a D-dimensional spherical box, is used in textbooks to introduce fundamental ideas of quantum physics like the effect of boundary conditions, quantization of energy, linear superposition of wave etc. In such situations, the particle shows fascinating distinguishable changes in its observable physical, chemical properties [5, 6] . These models were designed to mimic real physical and chemical systems. In past two decades, behavior of confined systems with different potentials were explored quite vigorously. It has witnessed profound applications in a variety of research areas, like condensed matter, semiconductor physics, astrophysics, nano-science and technology, quantum dots, wires and wells [2, 4, 7] , etc. Atomic, molecular confinement either in fullerene cage or inside the cavities of zeolite molecular sieves [2] [3] [4] , were also pursued with great enthusiasm and promise.
A 1D confined harmonic oscillator (CHO) is considered as an intermediate model between particle in a box and free harmonic oscillator (FHO) [8, 9] . A variety of theoretical methods [10] [11] [12] [13] [14] , such as semiclassical WKB, power-series solution, Padé approximation, perturbation theory, hypervirial theorem, Rayleigh-Ritz variation method, finding the zeros of confluent hypergeometric function numerically, imaginary-time evolution method etc., have been employed. Apart from the eigenspectrum, considerable efforts were directed towards Einstein co-efficients as well as information measures [9, [15] [16] [17] [18] [19] [20] etc. Its 3D counterpart, i.e., the isotropic CHO centrally enclosed in a spherical box with impenetrable walls has been treated with equal intensity, using a number of theoretical methods, such as WKB, supersymmetric, properties of hypergeometric functions, quantization rule, generalized pseudospectral (GPS) method [13, [21] [22] [23] [24] [25] [26] [27] . It exhibits several unique degeneracy, splitting pattern as well as symmetry breaking, related to simultaneous, incidental and inter-dimensional degeneracy.
Over the years information theory has flourished as a pertinent field of study to revisit quantum mechanical problems. Apparently, this theory deals with single-particle probability density ρ(τ ) of a system. In reality, information measures like Rènyi (R) and Shannon (S) entropy, Fisher information (I), Onicescu energy (E), quantify the spatial delocalization of ρ(τ ), and hence can be explicitly employed in numerous interesting occurrences in quantum mechanics [2] [3] [4] . In a recent work present authors have thoroughly investigated all these information theoretic measures (R, S, E, I and complexity) for confined hydrogen atom (CHA) [29] [30] [31] . Fundamentally, I quantifies expected error in a given measurement.
By definition, it is a gradient functional of density. Because of its sensitivity toward local rearrangement of density, it is said to have property of locality [28] . Usually an increase in I suggests localization of ρ(τ ). It is akin to the famous Weizsäcker kinetic energy functional (T Ω [ρ]) frequently employed in density functional theory [32] . It is also used in many other context such as to ascertain Pauli effects [33, 34] , ionization potential, polarizability [35] , entanglement [36] , avoided crossing [37] in atomic physics, etc., to name a few. Exact analytical form of I in composite r, p-spaces for central potential have already been established in [38] . In [29, 30] , authors have demonstrated the same relations for CHA.
Further, I was explored for vibrational levels of various diatomic model potentials, such as Pöschl-Teller [39] , pseudo-harmonic [40] , Tietz-Wei [41] , Frost-Musulin [42] , Generalized
Morse [43] , exponential-cosine screened coulomb potential [44] , etc.
The exact analytical form of I in conjugate r, p space for 3D FHO was reported in [38] .
Some statistical complexities were investigated for Bohr-like orbits [45] . In 2016, S and R were computed for highly excited quantum states within Laguerre asymptotic approximation [46] and some linearized method [47] . However, an elaborate information theoretic study for 3D CHO is still lacking as of now. Hence, in this communication our primary objective is to perform a systematic analysis of I in a CHO, for any arbitrary state characterized by quantum numbers n r , l, m, in both r and p spaces. Special attention has been paid to explore the effect of m on I, as well as non-zero l states. Illustrative calculations are executed with exact analytical wave functions in r-space whereas p-space wave functions are obtained from numerical Fourier transform of r-space counterpart. Specimen results are provided for 1s-1g as well as 2s-2m states. All the allowed m's corresponding to a given n r and l have been taken into account, which provides the liberty to follow the definitive transformation in properties of states with m. Changes are also perceived with respect to oscillator frequency (ω). Since such works are very limited, most of present results are reported here for the first time. Section II gives a brief description about our theoretical method used; Sec. III offers a detailed discussion of results on I, while we conclude with a few comments in Sec. IV.
II. METHODOLOGY
The non-relativistic radial Schrödinger equation for an isotropic CHO, without any loss of generality, may be written as (atomic unit employed, unless otherwise mentioned),
where v(r) = Exact generalized radial wave function for a CHO is mathematically expressed as [25] ,
Here N nr,l signifies normalization constant, E nr,l corresponds to energy eigenvalue of a given state represented by n r , l quantum numbers and The p-space wave function is obtained from Fourier transform of the r counterpart,
Here ψ(p) needs to be normalized. The normalized r-and p-space densities are represented as, ρ(r) = |ψ nr,l,m (r)| 2 and Π(p) = |ψ nr,l,m (p)| 2 respectively. Let I r , I p denote net information measures in consequential r and p space of CHO. It is well established that, for a single particle in a central potential, these quantities can be written in terms of radial expectation values r k and p k (k = −2, 2) [38] , as below,
(4)
The above equations can be further recast in following forms,
where v(p) is the p-space counterpart of v(r).
In case of a CHO, I's in r and p space are expressed analytically as [52] ,
Thus, an increase in ω leads to rise in I r (ω) and fall in I p (ω). However, it is obvious that I t (= I r I p ) remains invariant with ω. Throughout the article, for brevity, I r (ω = 1) and I p (ω = 1) will be symbolized as I r , I p respectively.
When m = 0, I r and I p in Eqs. (4), (5) reduce to further simplified forms as below,
It is seen that, at a fixed n r , l, both I r and I p provide maximum values when m = 0, and both of them decrease with rise in m. Hence one obtains the following upper bound for I t ,
Further adjustment using Eqs. (6) and (7) leads to following uncertainty relations [38] ,
Therefore, in a central potential, I-based uncertainty product is bounded by both upper as well as lower limits. They are state dependent, varying with n r , l, m quantum numbers.
III. RESULT AND DISCUSSION
At the outset, it is instructive to note a few things for ease of discussion. Impact of quantum number m on I r and I p of CHO is one of the main objectives of our work; which is performed here for first time. Therefore, to ensure a desired accuracy of calculated quantities, a series of background tests were executed. The results in these tables are presented up to those points which sustained convergence. I r values are obtained from Eqs. (4) and (6), whereas I p from Eq. (5). In all occasions, it has been verified that, in both spaces, as r c → ∞, I r and I p converge to respective FHO limit. The net I in r and p spaces are divided into radial and angular part. But in both I r and I p expressions, angular contribution is normalized to unity. Hence, evaluation of all these targeted quantities using only radial part suffices our purpose. The radial wave function in r and p spaces depend only on n r , l [14] ; the remaining ones are freshly generated in this work.
quantum numbers. Hence, in both space, radial wave function can be obtained by putting
Further, a change in m from zero to non-zero value will not influence the expression of radial wave function in p space. Confinement in isotropic harmonic oscillator is attained by squeezing the radial boundary from infinity to a finite region. To realize these, pilot calculations are done for 1s-1g and 2s-2m states, with r c varying from 0.1 to 7 a.u.
The former set is chosen as they represent nodeless ground states corresponding to various l, whereas, 2s-2m states are considered to perceive the effect of nodes on I at non-zero m.
Also note that, we have followed the spectroscopic notation, i.e., the levels are denoted by n r + 1 and l values (see, e.g., [49] ). Therefore, n r = 0 and l = 4 signifies 1g state. The radial quantum number n r relates to n as n = 2n r + l.
Exact analytical form of I r and I p in isotropic FHO was given in [38] ,
It suggests that, at a fixed m, both I r (ω), I p (ω) increase as n r and l approach higher values.
Similarly, for a specific n r and l, both I r (ω), I p (ω) abate with growth in |m|. Influence of ω on I r (ω) and I p (ω) is quite straightforward. I r (ω) progresses and I p (ω) reduces with rise of ω. By putting ω = 1 in Eq. (12) one easily gets the expressions for I r and I p in a FHO.
At first we illustrate the behavior of CHO at r c → 0. A careful study exposes that, at small r c , CHO has an energy spectrum comparable to that of a particle in a spherical Table I , at five selected r c , viz., 0.01, 0.05, 0.1, 0.2, 0.5, supports this fact.
However this observation should not be misconstrued to conclude that at r c → 0, CHO leads to PISB. Because that can happen only when both systems have nearly equal kinetic energy as well as potential energy components. This is not directly discernible from this table.
At this point, it is worthwhile mentioning that, like CHO, PISB is also exactly solvable;
eigenfunctions are expressible directly in terms of first-order Bessel function, and given as,
where Z = E nr,l r. At the boundary when r = r c , Z = Z nr,l and J l (Z nr,l ) = 0. Moreover, at r = r c , the energy of a (n r , l) state is expressed as E nr,l = 
But for a PISB, total energy is solely kinetic energy as the potential energy is zero. However, one can evaluate I r , I p for PISB and compare the results with CHO. Because, a pair of systems having same I r , I p for all states indicate identical physical and chemical environment.
Hence, here we have used I to investigate the characteristics of PISB and CHO at r c → 0. The table clearly demonstrates that at r c → 0, a CHO has comparable I r , I p values with that of PISB, thus confirming our presumption that, at r c → 0, CHO behaves like a PISB.
One also notices that, with reduction in r c , I p (and also potential energy) approaches zero.
On the other hand, as r c grows, the separation between I r (also I p ) values of CHO and PISB tends to extend significantly. Moreover, as expected, at r c → ∞, CHO reduces to FHO. Elsewhere [8, 9] it has been reported that, a 1D CHO may be treated as a two-mode system; at smaller (approaching zero) and larger (tending infinity) confinement lengths it behaving like a particle in a box and an FHO respectively. Here, also we observe analogous behavior. At r c → 0 and ∞, CHO leads to PISB and a 3D isotropic FHO respectively. We also note that, larger the value of ω higher will be v(r) ; as a consequence CHO is more prone to FHO in such a case. On the contrary, lesser the ω, v(r) is smaller and CHO, in that occasion, resembles more to a PISB. Therefore at a fixed r c , by modulating ω values one can investigate properties of all three systems starting from PISB to FHO through CHO.
So far, we have been discussing about the limiting trend of CHO. Now we turn focus on to its behavior at intermediate r c region. For that, at first, the dependence of I r , I p on quantum number n r is recorded in Table S1 of Supplementary Material (SM). It tabulates these quantities for lowest five n r (0-4) at six representative r c . This plainly implies that, at fixed m, l and r c , both I r , I p in CHO get incremented as n r assumes higher values.
Henceforth, the role of n r on these measures is not discussed any further. Now, in order to get a better picture of the effect of magnetic quantum number, Table III gives I r , I p of CHO for lowest three circular states having l = 0, i.e., 1p-1f respectively, for all possible m. Likewise, Fig. 1 displays these for 1g state in panels (a) and (b), for all permitted |m| at 6 carefully selected r c (0.1, 0.5, 1, 2, 7, ∞). Once again, no literature works exist along these lines; hopefully they would be useful for future referencing. It is to be noted that, the quantities in last column at r c = ∞ are given from Eq. (12) considering ω = 1. For this special ω, Eq. (12) dictates that, I r = I p for FHO. One notices that, behavior of I r and I p in CHO is always in consonance with FHO; a thorough analysis suggests identical patterns. In general, I r decays monotonically while I p progresses with advancement of r c ; this is found to hold good for all |m|. This is to be expected, as a growth in r c facilitates delocalization in r space and localization in p space. At a certain r c and fixed quantum numbers n r and m, I r tends to grow with l; this is consistent to what is observed from Eq. (12) in FHO.
Because, in both CHO and FHO, kinetic energy gains with n r , l. Similarly, at a fixed n r , l, in both CHO and FHO, I r lessens as one descends down the table (increment in |m|). One striking fact is that, for all these three states considered, both CHO and FHO portray similar pattern with respect to m. Next, I t for 1s-1f states of CHO are offered in Table S2 of SM. It seems to show a propensity towards I r in the behavioral pattern. In all instances, the lower and upper bounds governed by Eq. (11) is satisfied. For an arbitrary state distinguished by quantum numbers n r , l, variation in I r , I p with r c in a CHO preserves same qualitative orderings for various m (general nature of the plots remain unchanged) as depicted in these
figures. This has been verified in multiple occasions, which are not reported here to save space. As usual, in all cases, they all eventually approach their respective CHO-limit at some sufficiently large r c , which varies from state to state. Now to understand the effect of l on I r , I p , we offer Table IV , where these are listed for l = 1 − 9 states having |m| = 1 and n r corresponding to 1, at same six chosen r c 's of previous table. As earlier, here too, no reference work is known to us. The last column again has same significance as Table III . In accordance with Eq. (12), here also for 2l states,
Dependence of I r , I p of CHO on l parallels our observation in FHO. At a given n r , m and r c , they both get incremented with rise of l in CHO and FHO. This may occur presumably because that, as l progresses, the density gets increasingly concentrated.
Therefore, at fixed n r , m, a state with higher l experiences greater oscillation. Thus all our foregoing discussion leads to a general fact that, the qualitative variations of I r with all three quantum numbers remain quite similar to that of I p in a CHO; also the trends in CHO and FHO are analogous. It may be appropriate to mention a parallel work [30] along this line for free and confined H atom inside an impenetrable spherical enclosure. One finds several significant deviations in the variation pattern between two systems there. Here we mention two of the most interesting facts, which are in direct contrast with a CHO, e.g., I r remains invariant with respect to changes in l, whereas under confinement, it reduces with l (at fixed n, m). Besides, for a given state having fixed n, m, I p progresses when the atom is compressed, whereas declines in a free H atom.
Before concluding, a few words may be devoted to the influence of ω on I r , I p . In order to probe this, Fig. 2 depicts plots of I r and I p against r c , for 5 selected ω 2 (1, 2, 4, 8, 32), in bottom ((a), (b)) and top ((c), (d)) panels. These are given for 1p state; left and right panels characterize |m| = 0 and 1 respectively. Evidently at a given r c , I r grows and I p decays with increment in ω. At a fixed ω, dependence of these measures on n r , l, m is similar to that in FHO. As ω goes up, there is more localization, hence compactness in single-particle density enhances with oscillation strength. 
FIG 
IV. FUTURE AND OUTLOOK
Benchmark values of I r , I p , I t are offered in a CHO, for both l = 0 and l = 0 states with special emphasis on the latter. Representative results are provided for 1s-1g as well as 2s-2m
states. A CHO may be considered as a two-mode system; at r c → 0 it behaves as a PISB and at r c → ∞ it reduces to an FHO. Effect of m on these measures has been analyzed in detail. To the best of our knowledge, such an examination in CHO is pursued here as a first case. With progress in r c , I r falls and I p rises. These are compared and contrasted with FHO results; in all aspects they show analogous trends. Further, their changes with respect to ω is also registered. This work suggests that, I may be employed to predict various properties of physically important systems. Therefore, further inspection of I in other free and confinement situations may be worthwhile and could be taken up in future.
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